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Abstract
In this work, we show the dependence of bulk viscosity on Polyakov loop in 3+1 dimensional
topologically massive model (TMM). This model contains equally massive non-Abelian gauge
fields without spontaneous symmetry breaking. In earlier works, the bulk viscosity was found
from the trace anomaly in massless φ4 model and Yang-Mills (YM) theory and its dependence
on the quantum corrections was established. In TMM, the trace anomaly is absent due to the
presence of kinetic term of a two-form field B in the action. This model also provides the
dependence of bulk viscosity on the mass of the gauge bosons. The mass of the gauge bosons
in TMM acts as magnetic mass in the perturbative thermal field theory. This magnetic mass
is gauge independent unlike what is found in massless YM theory. We also observe that the
strong coupling constant has the same behaviour at high energy limit (asymptotic freedom) as
that of massless YM theory at zero temperature.
PACS numbers: 05.60.Gg; 05.70.Fh; 05.70.Ln; 11.10.Wx; 11.25.Db; 12.38.Mh; 12.60.-i
Keywords: Topologically massive model; QCD; bulk viscosity; magnetic mass; Polyakov loop;
heat-kernel method; asymptotic freedom
1 Introduction
In recent times, Schwarz-type topological field theory in 3+1 dimensions drew huge attentions
due to having some very important characteristics in gauge theory [1–3]. One of the interesting
features of the model is that it contains massive vector modes in spite of unbroken global
symmetry i.e. without Higgs mechanism [4,5]. TMM in 3+1 dimensions carries many advantages
in the perturbative analysis in both zero and finite temperature field theories over the massless
YM theory. The interest is increased manifold when the model was found to be unitary [6, 7]
and renormalizable [8]. In this model, YM fields become equally massive without leaving any
extra degrees of freedom unlike the case of Higgs mechanism. Their mass is generated due to
the presence of topological term mB ∧ F which contains a quadratic mixing of a one-form YM
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field, A and a two-form field, B. The massive one- and two-form fields have the same number
of degrees of freedom [9, 10]. Hence, an effective theory, constructed by integrating out YM
field or B field, becomes a massive theory of vector bosons. Unlike the massless YM theory,
the complete propagator of YM field in TMM carries non-zero pole, which is the coefficient of
topological term B ∧ F in the model. In TMM, the YM field acquires an additional physical
longitudinal mode due to being massive. But, in spite of having longitudinal mode, the high
energy behavior of scattering matrix maintains unitarity in the scattering process involving
those modes. This is because of the fact that the model is invariant under Becchi-Rouet-
Stora-Tyutin (BRST) symmetry [6, 7, 11, 12]. The unitarity is also maintained at every order
of quantum corrections since it is renormalizable [8]. Massiveness of the gluon also plays a
crucial role in maintaining the cluster decomposition principle i.e. causality [13,14] in quantum
field theory. On the other hand, the non-zero pole of gluon-propagator can explain gluon
confinement in quantum chromodynamics (QCD) [15–17]. In the regime of strong interaction,
we shall see that the TMM provides the same asymptotic behaviour of strong coupling at high
energy limit (i.e. asymptotic freedom) as found in massless YM theory [18–20]. Asymptotic
freedom is a very significant characteristic of strong sector in the Standard Model. Beside these
important advantages of massive YM fields at zero temperature, we consider its significant role
in perturbative thermal field theory (TFT). The mass of the vector fields put an infrared (IR)
cut-off in the model, which behaves as magnetic mass and overcome the Linde infrared problem
[21,22] in TFT. This assures the validity of perturbative analysis of the dynamics of YM field at
finite temperature which is absent in massless case [22]. Moreover, it is interesting to point ot
that the magnetic mass in massless YM theory is not gauge independent [23,24], hence it is not
a physical quantity. But the lattice gauge theories have showed the short range behaviour of
chromomagnetic field [25,26] due to the presence of physical magnetic mass. In TMM, the mass
of the gluon is gauge independent [5] and it plays the role of magnetic mass in the perturbative
regime. It was also observed that massless gluons make the QCD vacuum unstable in the
formation of bound state [27, 28]. This problem can be cured in this model (without breaking
global SU(N) symmetry) because of the massiveness of gluons. These essential characteristics
motivate us to consider the TMM at finite temperature.
We consider the transport phenomenon in topologically massive gluonic fluid. This can be
considered in the analysis of quark gluon plasma (QGP) formed in relativistic heavy ion collision
(RHIC). QGP is created in a state slightly away from equilibrium whose characteristics are
signified by various transport coefficients in TFT. The shear and bulk viscous coefficient of a
fluid are useful quantities to characterize it. These quantities are required as inputs to solve
the relativistic viscous hydrodynamical equations which has been used in the description of the
space-time evolution of the strongly interacting QCD matter formed in nuclear collisions at
relativistic energies. To understand the properties of QCD matter, it is important to reliably
estimate both the shear and bulk viscous coefficients. But the bulk viscosity carries more
substantial physical significance than the shear viscosity [29–31] which is reflected in many recent
works [32–38]. We consider the bulk viscosity in pure topologically massive gluondynamics.
The lattice simulations finds a non-zero bulk viscosity [39] in pure gluondynamics. To make
our analysis more simple, the linear response theory is taken into our consideration. It helps
to get the coefficients from the linear perturbation around equilibrium state of the fluid. As a
consequence, ζT can be calculated from the Kubo formula [29–31,40]
ζT (ω) =
1
18
lim
ω→0
1
ω
∫ ∞
−∞
dt e−iωt
∫
d3x
〈[
Θii(x, t), Θ
i
i(0, 0)
]〉
, (1)
where Θµν is the energy momentum tensor of field theory under consideration and ω is the
frequency appearing through the Fourier transformation of the correlation between the spatial
trace of the energy momentum tensor (EMT) densities. We observe in Eq. (1) how ζT depends
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on the trace of EMT densities of the quantum fields. Here, the Kubo formula is obtained from
the linear response theory (LRT) [23, 41–43] which reflects the assumption that the system
maintains local equilibrium. Since, energy
∫
d3x Θ00(x) of the system is conserved, we can shift
the spatial trace Θii by the energy or any multiple of the energy.
The bulk viscosity was found in massless models like φ4 and Yang-Mills theory [30, 31, 40]
where the conformal symmetry is obeyed classically [44]. The common characteristic of these
models is that the classical conformal invariance breaks down due to quantum correction in
renormalization procedure (i.e. the spectral function corresponding to the correlation of energy
momentum tensors depends on the breaking of conformal symmetry). The exceptional case is
found in N = 4 super YM theory where it is observed ζT = 0 [40]. The trace anomaly causes
problems when we consider the theories in curved spacetime. It was found that this anomaly
causes violation of the fifth axiom in a construction of its uniqueness in curved spacetime which
affects significantly in the semi-classical treatment of general theory of relativity [45, 46]. This
carries a great importance in the consideration of de-Sitter spacetime (i.e. maximally symmetric
spacetime with positive cosmological constant Λ > 0) where the trace of the EMT can determine
the structure of full EMT. The bulk viscosity may also lead to an alternative to the dark energy
in cosmological scenario in de-Sitter spacetime [47].
From Eq. (1), we observe that the bulk viscosity depends on the correlation of energy
momentum densities. We get the correlation from the low energy theorem (LET) at finite
temperature [49–51] as:(
T
∂
∂T
− 4
)n
〈Θµµ〉 =
∫
dτnd
3xn · · · dτ1d3x1
〈
Θµµ(τn, xn) · · ·Θµµ(τ1, x1)Θµµ(0, 0)
〉
, (2)
where gulons degrees of freedom are relevant. We take background field method for the cal-
culation of l.h.s. of Eq. (2). This calculation provides the vacuum expectation value of regu-
larized trace of EMT density at finite temperature. With this purpose, we will construct the
one-loop effective action using heat kernel method [10, 52–56] at finite temperature. In this
procedure, it was already observed [58,59] that the heat kernel coefficients contain a holonomy:
L(x, β) = T exp
(
− ∫ x0+βx0 A0(x′0,x) dx′0); L(x, β) is known as untraced Polyakov loop1 [57] and
T represents time-ordered product. It arises in the calculation due to the compactification of
fourth Euclidean axis in thermal field theory. Hence, the modified heat kernel method, found
in [58, 59], includes the contribution of L(x, β) in the construction of effective action. This
causes the dependence of ζT on L and we shall show it in our next section. Specifically, we
consider the behavior of spectral function
ρ(ω) =
∫ ∞
−∞
dt e−iωt
∫
d3x
〈[
Θµµ(x, t),Θ
ν
ν(0, 0)
]〉
, (3)
from the model. In the massless YM theory, the bulk viscosity ζT is calculated from quantum
corrections of the trace of EMT density of the YM field (i.e. the leading contribution in the
calculation comes from the conformal or trace anomaly). This causes the dependence of ζT
on the strong coupling in the perturbative computation. In the lattice QCD [60], the relation
ζT
s was computed for pure gluondynamics where s is the entropy density. But, in the case of
TMM, we shall observe how the leading order in the spectral function depends on the mass
of gauge fields and expectation value of untraced Polyakov loop. The present investigation
emphasizes the possibility of finding bulk viscosity in the perturbative regime of QCD with the
same asymptotic freedom, found in the literature.
In this endeavor, we present the explicit calculation of the spectral function in the Section
2 and the Section 3 contains the discussion, conclusions and the future aspects of the model in
1Here A0 is the temporal component of quantum gauge field.
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thermal field theory. We take the signature of the Minkowski metric ηµν as (+, −, −, −). We
have also taken the contention, ~ = kB = c = 1, where kB is Boltzmann’s constant.
2 Calculation
Within the scope of LRT, the hydrodynamics transport coefficients can be written as follows
by using Green-Kubo formula:
η(ω)
(
δk{iδj}l −
2
3
δklδij
)
+ ζT (ω)δikδlm =
1
ω
lim
ω→0
∫
d3x
∫ ∞
0
dt e(ωt−k·x) 〈[Θij(t,x),Θkl]〉 , (4)
where η(ω) is called as shear viscosity. The bulk viscosity can be obtained from the above
formula by contracting i, j and k, l as
ζT (ω) =
1
9ω
lim
ω→0
∫
d3x
∫ ∞
0
dt e(ωt−k·x)
〈[
Θjj(t,x),Θ
k
k
]〉
. (5)
The energy momentum tensor is obtained from the following part of the action in Minskowski
spacetime
S0 =
∫
d4x
(
−1
4
F aµνF aµν +
1
12
HaµνλHaµνλ +
m
4
ǫµναβBaµνF
a
αβ
)
, (6)
where F aµν = ∂µA
a
ν−∂νAaµ+gfabcAbµAcν and Haµνλ = ∂[µBaνλ]+gfabcAb[µBcνλ]−gfabc F b[µν Ccλ] are
the field strength of YM field and tensor field, respectively, and fabc is the structure constant
of SU(N) group. The presence of an auxiliary field Caµ in the expression of H
a
µνλ assures the
invariance of the action under the following gauge transformations:
Aaµ → Aaµ, Baµν → Baµν +
(
D[µ θν]
)a
, Caµ → Caµ + θaµ, (7)
where θaµ is a vector field in adjoint representation of SU(N). Including ghosts’ sectors, we have
the full action as given by
S = S0 +
∫
d4x
[
hafa +
ξ
2
haha + haµ
(
faµ + ∂µn˜a
)
+ βa
(
Dµβ
a − gfabc ωbµ ωc
)
+
η˜
2
haµ h
aµ − ∂µω¯aµ αa + α¯a ∂µωaµ + ζ˜ α¯a αa + ω¯a ∂µDµωa
+ ω¯aµ
{
gfabc∂ν
(
Bbµν ωc
)
+ ∂ν
(
D[µ ων]
)a
+ ∂ν
(
gfabc F bµν θc)
}]
, (8)
where S0 is the action given in Eq. (6) and f
a = ∂µAaµ, f
a
µ = ∂
νBaνµ. The parameters ξ, η˜ and
ζ˜ are the dimensionless gauge-fixing parameters. The auxiliary fields ha and haµ play the role
of Nakanishi-Lautrup type fields. Here (ω¯a)ωa and (ω¯aµ)ω
a
µ (with ghost number (−1) + 1) are
the Fermionic scalar and vector (anti-)ghost fields for the vector gauge field Aaµ and tensor field
Baµν , respectively. The bosonic scalar fields (β¯
a)βa (with ghost number (−2) + 2) are the (anti-
)ghost fields for the Fermionic vector (anti-)ghost fields and n˜a is the bosonic scalar ghost field
(with ghost number zero). These scalar ghost fields are required for the stage-one reducibility
of the 2-form field. Furthermore, αa and α¯a are the Grassmann valued auxiliary fields (with
ghost number +1 and −1 respectively). This model contains massive non-Abelian gauge field
and it was shown to be BRST invariant [7, 11, 12]. In [11, 12], it is seen that the model is also
invariant under the anti-BRST symmetry transformations. The CP symmetry is not violated
in this model.
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The EMT density corresponding to the action [cf. Eq. (6)] in curved space time is given by
Θµν =
2√
−g˜
δS˜0
δgµν
, (9)
where S˜0 =
∫ √−g˜ (−14F aµνF aµν + 112HaµνλHaµνλ + m4 ǫµναβBaµνF aαβ) d4x and gµν is the metric
in the curved spacetime. Here g˜ = Detgµν . We find that the EMT corresponding to the action
of TMM classically as
Θµν = Θ
YM
µν +
1
2
(
HaµαβH
a αβ
ν −
1
6
gµνH
aαβρHaαβρ
)
, (10)
where ΘYMµν = −F aµαF a αν +
1
4
gµνF
aαβF aαβ is the standard EMT for the YM field A. Since the
topological term is invariant under the variation of metric tensor, hence, it does not provide any
contribution in TMT in Eq. (10). The trace of Θµν is non-zero in 3+1 dimensional spacetime
reads
Θµµ =
1
6
HaρνλHaρνλ, (11)
because gµνΘYMµν = 0. Hence, it is clear from Eq.(11) and the action in Eq.(6) that the kinetic
term of B field is responsible for the absence of conformal symmetry at zero temperature. This
implies that we can find the bulk viscosity ζT for the topologically massive YM fluid at finite
temperature. For our purpose, we use low energy theorem at finite temperature [49–51]. We
use the splitting2
Amµ = Amµ + amµ , (12)
where Amµ is background and amµ is the quantum fields. Our aim is to calculate the effective
action at one-loop order for massive gluon field. Due to the splitting, the YM field strength
becomes
Fµνe (A, a) = Fµνe (A) +
(
D
[µ
Aa
ν]
)
e
+ g fecd a
µ
c a
ν
d, (13)
where e is a gauge index. The covariant derivative DA = ∂µ + gAµ is taken with respect to the
background field Aµ. Here g is the gauge coupling constant. Our aim is to find the effective
action at one-loop level from Eq. (8), which can provide regularized EMT density as shown
in [10, 52, 53]. For this purpose, it is sufficient to find the terms in the action which contain
quantum fields aµ quadratically. It is noted that the YM and B fields are coupled quadratically
due to presence of the topological term B∧F in the Lagrangian density3 in Eq. (6). This mixing
leads us to construct a matrix from the kinetic terms of YM and B fields and
m
2
B ∧ F term 4
∆ =
(
∆A ∆AB
∆BA ∆B
)
. (14)
2Quantum fields are designated by lowercase letters having Lorentz and gauge indices.
3Due to Eq. (12),
m
4
ǫµνρλBµνFρλ contributes
m
4
ǫµνρλbµν
(
Fρλ(A) + 2
(
DAρ aλ
))
in the quadratic part under con-
sideration.
4The ∆ is appeared by the re-expressing S0 [cf. Eq. (6)] as S0 =
∫
d4x ΦT∆Φ where Φ =
(
A
B
)
, ΦT is the transpose
of Φ.
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It is a block matrix whose determinant is given by [10]
det∆ = (det∆B)
−1 det
(
∆A −∆AB∆−1B ∆BA
)
(15)
= (det∆B)
−1 det∆A det
(
1− (∆A)−1∆AB∆−1B ∆BA
)
. (16)
From the complete action of the model, we can clearly notice the presence of trilinear couplings
among the ghost and gluon fields, which, due to the above splitting provides the quadratic terms
in all quantum fields. The ghosts’ sector consists of Faddeev-Popov (FP) ghosts for aµ, vector
ghosts for B field, FP ghosts of the vector ghost fields and a scalar ghost. The general structure
of the effective action, at T = 0, in one-loop level is given by [10,61]
W 1[A] ∝
∫ √
−g˜
(
n1Tr ln∆ + n2Tr ln∆gh + n3Tr ln∆vecgh
+ n4Tr ln∆ghvecgh + n5Tr ln∆sclgh
)
dDx, (17)
where ni’s (with i = 1, 2, 3, 4, 5) are the numerical factors which appear after integrating out the
quantum fields in partition functional. These numerical factors also depend on the spin-statistics
of quantum fields [10,61]; ∆Φi ’s are appearing from the action after integrating quantum fields
from the partition functional [10,61]
Z[Φi0] =
∫ n∏
i=1
Dφ˜i exp
(
i
2
∫
d4x
√
−g˜
n=1∑
i=1
Φi∆ΦiΦi
)
, (18)
where Φi0 is the background field of i-th type field: Φi = Φi0 + φ˜i; φ˜i is the quantum part of
Φi. We have suppressed the spin and gauge indices of the fields in Eq. (18) and ∆Φi ’s may
be the function of background fields or not. For example, we note from the complete action of
TMM that ∆, ∆gh, ∆vecgh and ∆ghvecgh are the functions of covariant derivative with respect to
background YM field A but for the scalar ghost ∆sclgh does not contain any covariant derivative
and A. One can also clearly check from the structure of the bulk matrix in Eq. (16) that ∆
contains ∆A, ∆AB, and ∆BA. Here, ∆A and ∆B appear from the kinetic terms of A and B
fields whereas other ∆’s comes from B ∧ F term. Following general rule [10], we can write the
effective action at T = 0 as
W 1 = −1
2
∫ √
−g˜
[
Tr ln∆− 2Tr ln∆gh + 2Tr ln∆vecgh
− 2Tr ln∆ghvecgh − Tr ln∆sclgh
]
dDx. (19)
For the calculation of the Tr ln∆Φi , we use the heat-kernel method at finite temperature. The
relation between the heat-kernel coefficients at zero and finite temperature is given explic-
itly [55,58,59]. This calculation is done with covariant gauge-fixing condition DAµ a
µ = DAµ b
µν =
DAµ ω
µ = 0. We know from the detail of heat-kernel method [10, 54, 56] how the trace of the
operator ∆Φi is calculated from the coincidence limit from a matrix with matrix element is
Tr ln∆Φi =
∫ ∞
0
1
(4πτ)D/2
H(x, x, τ)
dτ
τ
, (20)
where H(x, x, s) =
∞∑
n=0
sn Tran is called to be heat-kernel corresponding to the operator
∆Φi and an’s are the heat kernel coefficients in D-dimensional spacetime. Here Trf(x, y) =∫ √−g˜ tr f(x, x)dDx ‘tr’ designates the trace over the Lorentz and internal indices [10, 54, 56]
6
of function f(x, y). In the construction of the effective action at one-loop level, we consider
the trace [cf. Eq. (19)] at finite temperature. The expression in Eq. (20) is modified at finite
temperature as [55]
Hβ(x, y, τ) = H(x, y, τ)
[
1 + 2
∞∑
n=1
κne
−n
2β2
4τ
]
, (21)
where β = 1T and κn signifies the dependence of the expansion on the spin-statistics of the fields.
In fact, κn = (−1)n for Fermionic field whereas 1 for bosonic field. The relation in Eq. (21)
was found to be incomplete [58, 59]. This incompleteness occurs due to exclusion of L(x, β)
as mentioned in the Introduction. The heat-kernel expansion of trace: Tr
(
e−s(−D
µDµ+X)
)
=∫
ds
s
1
(4πs)D/2
∞∑
n=0
snTr(aTn ) is given with the following heat kernel coefficients (upto mass di-
mension 4) [58,59]
aT0 (x, x) = φ0(L, s),
aT1 (x, x) = −φ0(L, s)X,
aT2 (x, x) = −
1
2
φ0(L, s)X
2 − 1
3
φ¯2(L, s)E
2
i +
1
12
φ0(L, s)F
2
ij , (22)
where Ei = F0i, and
φ0(L, s) =
[
1 + 2
∞∑
n=1
Lne−
n2β2
4s
]
, (23)
φn(L) =
1
β
√
4πs
∑
p0r
sn/2 Qnr e
sQ2r , φ¯2 = φ0 + 2φ2, (24)
where Qr = ip0r − rβ lnL [58, 59]. Thus, 〈Θµν〉, derived from the effective action, will depend
on L and as a consequence of LET [cf. Eq. (2)] we can see the correlation among the EMT
densities become dependent on L, too. Its further consequence is very interesting which we shall
show how ζT depends on L.
According to the method outlined in [10,54,56], we need to identify X in the Laplace-type
operator appearing in the kinetic terms of quantum fields:
∆A ≡ −1
2
(−DµADAµ +X) , (25)
where covariant derivative is expressed as DµA = ∂µ + ω˜µ(A) and ω˜µ is the “connection” [10,
54, 56]. Generally, X and ω˜ are matrix valued functions in the non-Abelian gauge theory.
Corresponding to the YM field, we have [56](
ω˜
µ
cd
)ρ
λ
= −gfecdAµe δρλ, (26)(
XcdA
)ρλ
= (2gfecdF
ρλ
e (A). (27)
The expression of the ω˜µ’s in Eq. (26) are same for all the quantum fields in Eq. (8), but X’s
will be different. For example, we get XB corresponding to the b
µν and vector ghost fields as:(
XBcd
)µν
ρλ
= 2gfecdF
e
αβ(A) ηα[µδ ν][λ δ βρ] (28)(
X
vecgh
cd
)
µν
= −gfecdF eµν(A). (29)
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For the rest of the ghost fields, X = 0 which can be read-off from the action in Eq. (8). We also
have the following explicit expressions
(∆AB)
µρσ = i
m
2
ǫαµρσ
−→
Dxα, (∆BA)
µρσ = i
m
2
ǫβµρσ
←−
D
y
β (30)
(∆B)αβ, ρσ = −ηα[ρησ]βDµDµ + (X)αβ, ρσ . (31)
∆B can be expressed as
(∆B)αβ, ρσ = −∂µ∂µηα[ρησ]β + σαβ, ρσ, (32)
where σαβ, ρσ = ηα[ρησ]β
(
2gAµ∂µ + g∂µAµ + g2AµAµ
)
+ (E)αβ, ρσ. We can safely neglect the
contribution from ∆sclgh in the effective action [cf. Eq. (19)] because of the absence of the
background field in kinetic term of the scalar ghost field of bµν . Since, in the leading order
(∆AB∆
−1
B ∆BA)
µν
xy = m
2δ4(x− y)
(
1− 1
D
)
ηµν + J µνxy (gn,A), n ≥ 1, (33)
we can re-express Tr ln∆ as
Tr ln∆ = Tr ln ∆˜− Tr ln∆B +Tr ln
(
1− J (gn,A)∆˜−1
)
, (34)
where ∆˜ = ∆A+m˜
2 and m˜2 =
(
1− 1D
)
m2. In Eq. (33), the matrix-valued operator J µνxy (gn,A)
designates the parts of
(
∆BA∆
−1
B ∆AB
)µν
xy
which contains various non-zero powers of g and
background YM field A. The significance of the r.h.s. of Eq. (34) will be shown later in our
analysis. Hence, we have now
W 1 = −1
2
∫ √
−g˜
[
Tr ln ∆˜− Tr ln∆B − 2Tr ln∆gh +Tr ln
(
1− J (gn,A)∆˜−1
) ]
dDx. (35)
The last term is found from the series expansion
ln(1− Y ) = −
∞∑
n=1
Y n
n
. (36)
It can be readily checked that the first term in the above expansion is: −Y =
(
J (gn,A)∆˜−1
)
.
The traces in the first three terms can be found from Eq. (20). Now we explain the significance
of Eq.(34). Following Eq. (20), we can write
〈x| ln∆|x〉 =
∫ ∞
0
ds
s
e−m˜
2s H˜(x, x, s), (37)
which shows the trace is convergent in the large-s region. Further, H˜(x, x, s) is different from
H(x, x, s) [cf. Eq. (20)] due to the rearrangement of the terms as shown in Eq. (33). To find
the trace, we should note that the Laplace-type operator acts on the gluon and vector ghost
fields in (N2−1)D dimensional internal space whereas it acts on the FP ghost fields in (N2−1)
dimensional internal space. For the bµν field, the dimension of the internal space becomes
D(D − 1)
2
(N2 − 1) where the operator acts. This leads to the following expression for the heat
kernel expansion at finite temperature [58,59] :
W 1 = −1
2
∫ ∞
0
ds
s
e−m˜
2s
(4πs)D/2
∞∑
n=0
Tr aTn (x, x)s
n, (38)
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where
aT0 =
7D −D2 − 8
2
φ0(L), (39)
aT2 =
[
(2−D) + 7D −D
2 − 8
24
]
φ0(L)F
µν
a F
b
µνNab
+
7D −D2 − 8
12
Eai E
b
iNabφ¯2(L), (40)
and
φn(L) =
1
β
√
4πs
∑
p0r
sn/2 Qnr e
sQ2r , φ¯2 = φ0 + 2φ2, (41)
with Qr = i
(
p0r − rβ lnL
)
[58, 59] and Nab = facdfbcd = Nδab in Eq. (40). Now we are going
to get the explicit expression of the effective action at finite temperature using Eq. (21). From
the general expression of heat-kernel coefficients in [58,59], we can write the effective action for
massless gluon field at finite temperature as5 [59]
W 1 =
∫
dDx
√
−g˜
(
− π
2
45
T 4(N2 − 1) + 2π
2
3
T 4 tr
[
ν2(1− ν)2]+ I(A, T )), 0 < ν < 1, (42)
where ν =
(
lnL
2πi
)
and I(A, T ) designates the term depending on the both temperature and
background YM field. In the massless case, it is already seen in [59] that IR divergence exists in
the large-s region. This causes a serious problem in perturbative TFT which we have pointed
out in the introduction of the paper. In the TMM, the problem is settled due to the presence
of the factor e−m
2s [cf. Eq. (37)]. We need the expression of φ0 [cf. Eq. (23)] to calculate the
dimensionally regularized effective action as [58,59]
W 1 = −1
2
∫ ∞
0
ds
s
µ2ǫ
(4πs)D/2
∞∑
n=0
Tr aTn (x, x) s
n, (43)
where µ is called to be subtraction point and the regularization will be done in D = 4 − 2ǫ
dimensions. To calculate the term in the leading order of heat kernel expansion, we need to
work out the integration of the type [58,59]
Il,n =
∫ ∞
0
ds
s
(4πµ2s)ǫ sl φn(ω, s) e
−m2s, |ω| = 1, (44)
which yields in the leading order for l = −2 and n=0
I−2,0 =
∫ ∞
0
ds
s
e−m
2s (4πµ2s)ǫs−2φ0(ω, s)
= (4πµ2)ǫ
∫ ∞
0
dss−2+ǫe−m
2s
∑
k∈Z
Lke−
k2β2
4s
= (4πµ2)ǫ
[
Γ(ǫ− 2)m2(2−ǫ) + 2
∞∑
k=1
Lk
(
k2β2
4m2
)− 2−ǫ
2
K−2+ǫ(mkβ)
]
, (45)
5We have suppressed the terms involving the Riemann curvature, Ricci tensor and scalar and their derivatives
because they do not contribute in the limit gµν → ηµν .
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where we have used the formula [62]∫ ∞
0
dx xne−λx =
n!
λn+1
, [Re λ > 0], (46)
and the modified Bessel function of Kn(x) in Eq. (45) appears through its integral representa-
tion: ∫ ∞
0
xn−1e−
β
x
−αxdx = 2
(
β
α
)n
2
Kn(2
√
βα), [Re α > 0, Re β > 0]. (47)
The first term in Eq. (45) appears in any massive field theory at zero temperature. But,
the next term is interesting because of its dependence on the untraced Polyakov loop (L) at
finite temperature. The L-dependence of the energy momentum L at high temperature will be
discussed later. It is one of the main results of our present investigation. For the effective action
at finite temperature, we have, in the limit ǫ→ 0, β → 0
W
1(T 6=0)
0 =
∫
d4x
√
−g˜
[
−π
2
45
T 4(N2 − 1) +O(L,mβ)
]
, (48)
where the leading order term is matched with the expected result in Eq. (35). In getting the
above expression, we have used K−n(x) = Kn(x) [62]. In the above, O(L,mβ) designates the
terms which contain various non-zero power of L and dimensionless quantity mβ (β = T−1).
The appearance of leading order term can be understood from the behaviour of Kn(x) for small
argument (x→ 0) as [62]
Kn(x) ∼ 1
2
Γ(n)
(x
2
)−n
, (49)
and the expansion of the time-ordered product is
Lk(x, β) =
(
1−
∫ x0+β
x0
a0(x
′
0, x)L(x
′, β)dx′0
)k
= 1− k
∫ x0+β
x0
a0(x
′
0,x)L(x
′, β) dx′0 + · · · , (50)
where x′ ≡ (x′0,x).
We also obtain another important result which carries a great significance in a renormalizable
massive non-Abelian gauge theory. From the dimensional regularization for the coefficient aT=02 ,
we obtain
W
1(T=0)
2 = limǫ→0
g2N
1
(4π)2
∫
d4x
√
−g˜ 1
ǫ¯
11
12
Fµνa F
a
µν , (51)
where
1
ǫ¯
=
(
1
ǫ
− γE + ln 4π
)
; γE ≈ 0.5772 is called to be Euler’s constant. This result appears
from the contribution of aT=02 . This contribution is same as found in the massless YM theory.
Therefore, we get the same asymptotic behaviour (asymptotic freedom) of gauge coupling g in
the non-Abelian TMM. Therefore, applicability of perturbative technique at high temperature
is consistent.
Now we go back to the low energy theorem at finite temperature [cf. Eq. (2)]. For this
purpose, we consider Eq. (2) for n = 1:(
T
∂
∂T
− 4
)
〈Θµµ〉 =
∫
dτd3x 〈Θµµ(τ, x)Θµµ(0, 0)〉 , (52)
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and putting the expression of aT0 [cf. Eq. (39)] in the above expression, we get, in the high
temperature limit∫
dτd3x 〈Θµµ(τ, x)Θµµ(0, 0)〉
=
g2(N2 − 1)
(4π)2
∞∑
n=1
4m˜2
n2
[
−nm˜
β
K1(nm˜β) 〈tr Ln〉+ 2
nm˜2β3
〈
tr
(
L′Ln−1
)〉
+ · · ·
]
=
g2(N2 − 1)
(4π)2
∞∑
n=1
4T 2m˜2
n2
[
2T
nm˜2
〈tr (L′Ln−1)〉 − 〈tr Ln〉+ · · · ] , (53)
where L′ =
∂L
∂β
. In the last step of the above equation, we have used a series expansion of the
modified Bessel function [62]:
Kn(z) =
1
2
(
1
2
z
)−n n−1∑
k=0
(n− k − 1)!
k!
(
−z
2
4
)k
− (−1)n ln
(
1
2
z
)
In(z)
+(−1)n 1
2
(z
2
)n ∞∑
k=0
{ψ(k + 1) + ψ(k + n+ 1)}
(
z2
4
)k
k!(n + k)!
, (54)
and the recursion relation [62] has also been utilized:
dKn(z)
dz
= −Kn−1 − n
z
Kn(z). (55)
In the series expansion [cf. Eq. (54)], In(x) is the modified Bessel function [62]:
In(x) =
(x
2
)n ∞∑
k=0
(
x2
2
)k
k!Γ(n+ k + 1)
(56)
and ψ(n) is Euler’s ψ function or diagmma function defined as [62]
ψ(x) = −γE −
∞∑
k=0
(
1
x+ k
− 1
k + 1
)
. (57)
Introducing the spectral function ρ(ω) as∫
dτd3x 〈Θµµ(τ, x)Θµµ(0, 0)〉 = 2
∫ ∞
0
ρ(ω,~0)
ω
dω, (58)
and taking the representation of ρ(ω,~0) as in [51]
ρ(ω,~0)
ω
=
9ζT
π
ω20
ω2 + ω20
, (59)
we get6 from Eq. (53)
9ω0ζT (ω0) =
g2(N2 − 1)
(4π)2
∞∑
n=1
8T 3
n2
[〈
tr
(
L′Ln−1
)〉− m˜2
2T
〈tr Ln〉+ · · ·
]
. (60)
6Retarded correlation between the traces of energy momentum tensors cannot be distinguished from the correlation
involving commutator of the traces in linear response theory (see [29] for details).
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The above equation shows the dependence of ζT on the the mass of the gluon and thermal average
value of various power of untraced Polyakov loop in the deconfined phase. The variation of
〈tr L〉, which is considered as a ordered parameter for confinement to deconfinement transition,
with temperature and baryonic chemical potential will also govern the variation of ζT near
the transition point. Therefore this relation will be useful to understand the variation of bulk
viscosity with temperature and chemical potential to determine the value of critical exponent
of bulk viscosity at the critical point of QCD-phase transition.
3 Summary and Discussion
We have found ζT within the scope of TMM and its dependence on the thermally averaged
untraced Polyakov loop, its various powers and derivative analytically in Eq. (60). We observe
that ζT is positive in every order of quantum corrections. It is because of the BRST invariance of
effective action in the corrections, which is a consequence of the renormalizibility of the model.
This causes the maintenance of the convexity of effective potential [61] in the corrections. The
positivity of ζT is required to obey the second law of thermodynamics [65]. The dependence on
the various power of the thermal expectation value of L [cf. Eq. (60)] appears from the LET
where correlation among trace of energy momentum tensor densities is involved. In Eq. (60),
the terms containing 〈tr Ln〉 and 〈tr (L′Ln−1)〉 are not invariant under ZN group7, which is
the centre of SU(N) group. As a consequence, the contribution of ζT will also be significant
in the study of QGP at heavy quark limit, where the restoration of ZN symmetry implies the
phase transition of QGP i.e. deconfined phase to confined phase. In arriving at Eq. (60), we
have obtained two very significant results for QCD:
• The leading terms in the expression of effective action [cf. Eq. (48)] matches with the
leading terms for the massless YM theory [cf. Eq. (42)]. This equality is due to the
resultant null contribution from the kinetic terms of B, ωµ and ω¯
µ, β and β¯, and n˜ (B
field sector)[cf. Eq. (8)]. It can be understood by counting the total degrees of freedom
of the fields [63, 64] in the B field sector, contributing in the effective action in 3+1
dimensions: 1× 6− 2× 4+ 2× 1 = 0. This resultant null contribution occurs because the
kinetic term of n˜ does not contain any covariant derivative [cf. Eq. (8)].
• The asymptotic freedom remains same as found in massless YM field theory. It, with the IR
cut-off, assure the validity of the calculation of bulk viscosity in the perturbative regime at
non-zero temperature. We also note that the resuumation [23] is absent due to the presence
of IR cut-off in the TMM . As a consequence, the terms originated with odd power of g
or fractional power of strong coupling constant8 i.e. g or αs, like O
(
g3
) ∼ O(α 32s ) etc.,
in the expression of pressure in massless YM theory at high temperature [23], is absent in
the case of TMM. This signifies a physical difference from the massless YM theory. The
absence of the terms∼ O
(
α
3
2
s
)
in the effective action shows particle number changing
process is slower than the massless YM theories [30].
The present result has been obtained in the realm of perturbative approach. Even though,
the hadronization is a non-perturbative process, we can make the following remark: the variation
of bulk viscosity near the transition point is governed by Polyakov loop. The enhancement of
bulk viscosity near the transition point will reduce the effective pressure of the fluid which, in
turn, will provide a smaller kick (as opposed the case when ζT = 0) to the produced particles.
7The elements of the ZN is z = e
2piin
N 1, where n = 0, 1, 2, . . . , (N − 1); 1 designates a N ×N unit matrix.
8Here the strong coupling constant αs =
g2
4π
.
12
This would be reflected in the experimentally measured value of average transverse momentum
of the hadrons. Moreover, the reduced pressure will slow down the expansion resulting in
production of more soft gluons enhancing the multiplicity of produced hadrons. Therefore, the
present work indicates a possibility to measure Polyakov loop experimentally.
Our present investigation may also play an important role in the study of early universe
and its evolution. In the Mu¨ller-Israel-Stewert theory of causal hydrodynamics [66–69], it will
be interesting to observe the importance of broken ZN symmetry through the dependence of
entropy production rate on ζT at the time of QGP phase transition. We can also note that
the contribution of ζT from TMM will be different from the case of massless Yang-Mills theory
in entropy production rate due to absence of resummation. Other transport coefficients are
remained to be calculated from the TMM at finite temperature, whose behaviours at large-N
limit can be investigated. The significance of Eq. (60) can also be explored in the scenarios of
bulk viscous cosmology [70,71] for the study of dark matter and dark energy.
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